1991) The effect of an adjacent viscous fluid on teh transmission of torsional stress waves in a submerged waveguide.
INTRODUCTION
The speed and attenuation of stress waves transmitted in submerged waveguides are affected by the viscosity and density of the surrounding fluid. When a stress wave travels in a solid, it causes deformation of the solid-fluid interface, which in turn induces fluid motion. The coupling mechanism between the motion in the solid and the fluid depends on the geometry of the waveguide and the type of stress wave employed. For example, when the solid's deformation is parallel to the solid-fluid interface, the coupling is solely due to viscous drag. When the deformation is normal to the surface, then the coupling results from a combination of both pressure and viscous drags. The former arises when shear waves are transmitted in a strip or torsional stress waves are transmitted in a circular cylinder, • while the latter occurs when torsional stress waves are transmitted in waveguides with a noncircular cross section. 2'3 Thus, by measuring the speed and the attenuation of stress waves in submerged solid waveguides, one can obtain information on various rheological properties of a fluid such as its viscosity and/or density.
The This paper has been inspired by our attempts at measuring the viscosity of NewtonJan liquids by transmitting torsional stress waves in submerged waveguides with circular cross sections. In order to achieve a deeper understanding of the sensor's operation as well as to obtain suggestions for possible improvements of its sensitivity, we formulated a mathematical model somewhat more rigorous than the ones previously employed (i.e., Ref. 1 ). The model and the solution of the governing equations are presented in the first part of the paper. The exact solution of the equations leads to a transcendental, complex equation which allows one to calculate both the speed and attenuation of the stress wave. Since the exact solution consists of an implicit relation between the various quantities of interest, we also proceeded to develop a more convenient, explicit, asymptotic relation valid for relatively low viscosity fluids. A comparison of the exact and asymptotic solutions reveals that the asymptotic solution is useful for a wide range of applications. In the second part of the paper, we report a few experimental results and compare them with the theoretical predictions. Finally, we suggest various ways to improve the sensor's sensitivity. The results reported herein may also be useful for the design of delay lines.
Since viscosity measurement is important in a variety of industrial processes, it is not surprising that a considerable amount of effort has been invested in the development of various viscosity measurement devices. Due to space constraints, we will not review the entire field here. Rather we mention only the devices which are most closely related to the one described here. These devices involve observing the period and decay (damping) constant of torsional oscillations of an axially symmetric body, such as a disk, s'6 a cup, 7'8 a sphere, ø or a cylinder, m suspended from an elastic strand and submerged in the measured fluid. The device described in this paper is likely to be less accurate than the aforementioned devices but it has the advantage of being rugged, having no moving components, and enabling one to measure viscosity on line and in real time. These attributes may make such a device attractive to industrial users.
I. THE APPARATUS
The apparatus consists of a waveguide, made of an elastic material of density p,, with a uniform circular cross section, submerged in a fluid of density p/and viscosity )t. The waveguide is subjected to a torsional pulse which is conveniently induced utilizing the magnetostrictive phenomenon. Briefly, one end of a delay line, made of a magnetostrictive material, is soldered or glued to the waveguide while a coil is placed around its other end, as shown in Fig. 1 . The delay line is electrically polarized so as to develop a circumferential, permanent magnetic field inside the magnetostrictive wire. The introduction of a current pulse in a coil causes a time varying axial magnetic field to develop. The interaction between the two aforementioned magnetic fields leads to a twisting force on the magnetostrictive wire and the generation of a torsional pulse. This is known as the Wiedemann effect." The resulting torsional stress wave travels in the magnetostrictive wire. Part of the wave is reflected at the magnetostrictive wire-waveguide interface. The other part travels through the waveguide and is reflected from its other end. The reflected waves cause electromotive forces in the coil which now acts as a receiver (the inverse Wiedemann effect). The signal can be viewed on an oscilloscope's screen. By measuring the time which elapses between the two signals and their amplitudes, one can calculate the speed and attenuation of the torsional stress wave in a waveguide of known length. In our experiments, the time span is measured peak to peak with a precision of 5 ns using a digital oscilloscope. waveguides in air at 25 øC are, respectively, 3014 and 3019 m/s, which agree within 3% with the corresponding speed calculated from nominal material properties (G/p• )'/:. We also report results for a threaded (NF-UNF 3-56) hollow waveguide having similar ro, ri, and L to the aforementioned ones. The dominant frequency is estimated as 90 kHz.
The delay line is made of Remendur (Fe-Co-V-Mn) of
length about 1000 mm. The reflectivity of the delay linewaveguide interface can be controlled by controlling the mechanical impedance mismatch at the interface. This is typically done by soldering a small ring around the waveguide.
II. MATHEMATICAL MODEL
Consider a torsional stress wave traveling in a uniform circular tube of length L, shear modulus G, and outer and inner radii r o and r•, respectively. The tube is sufficiently long (L/% >> 1) to render end effects negligible. It is submerged in a fluid ofviscositykt. As the torsional wave travels through the waveguide, the solid-liquid interface is alternately accelerated and decelerated. As a result of viscous drag, motion is induced in the fluid.
The 
Above, all quantities are in nondimensional form. Here, r is the radial distance, and r• is the inner radius of the tube. The length scale is the tube's outer radius %. The velocity scale is % = (G/p,) ,/2. We shall present our results in terms of the two nondimensional parameters: the density ratio (p = ps/p.• ) and R = psroco/la. Note that R is inversely proportional to the viscosity.
We seek solutions of the form uo(r,z,t) = U(r)exp{ -hz + iw[ (z/c) --t ]}, (7) vo(r,z,t) = V(r)exp{ --hz + ko[ (z/c) --t]},
where w, c, and h are, respectively, the wave's frequency, speed, and attenuation.
In the next section, we shall develop an exact solution for Eqs. ( 1 )-(6), while in Sec. IV, we shall employ a perturbation approach to obtain explicit relations between c and h on the one hand, and R and p on the other hand.
III. EXACT SOLUTION
Equations (1) and (2) Fig. 3 (b) ]. This is expected, since as R decreases, the thickness of the fluid's boundary layer increases (i.e., a larger mass of fluid is engaged in the motion) which, in turn, implies that the stress wave encounters larger inertia and thus there is a slowdown in speed. As R is further decreased, we observe that the phase speed attains a minima and then increases again. In order to explain this change in trend, it is useful to examine the effect of R on the shape of the displacement field in the solid. To this end, we depict in Fig. 4 , the displacement uo in the solid as a function of the radial distance r for various R values. For comparison purposes, all the curves in Fig. 4 have the same slope at the origin. For relatively large values of R (i.e., R> 10), the displacement (Fig. 4) is almost proportional to the radial dis- tance resembling the fundamental mode in the classical torsion problem. l? As R decreases, the displacement curve starts bending until, eventually, a nodal point is attained. The displacement field for smaller values err (i.e., R<0.2) resembles somewhat the second torsional mode in the classical torsion problem. Since the second torsional mode has a higher phase speed than the fundamental one, this explains the increase in the wave speed as R decreases below a certain value (Fig. 4) .
We also calculated the group velocity (the results are not shown here, for details see Reft 18) and found it to be slightly higher than the phase velocity.
IV. ASYMPTOTIC SOLUTION FOR LARGE R
The exact procedure developed in Sec. III suffers from the disadvantage that c and h are not expressed explicitly in terms of the parameters R and p. In many applications, however, R is fairly large. For example, for a circular waveguide of outer radius r o = 1.22 mm submerged in glycerin at room temperature, R is 2270. Thus it may be useful to obtain an asymptotic solution for large R. To this end, we introduce the parameter e = R-•/2 and employ for the fluid the 
Next, we substitute the series of Eqs. (23) In our experiments, we measured the time (Dt) elapsing between reflections from the delay line-waveguide interface and the waveguide's end, as well as the corresponding amplitudes of the reflected signals, which we denoted as.4 and B, respectively. Since the length of (he waveguide is known, we can readily calculate the speed of the wave. The standard deviation for the speed measurement is smaller than 0.2%. tion, knowledge of the reflection coefficient Cs at the delay line-waveguide interface is necessary. We assume that, to the first approximation, the reflection coefficient is independent of the fluid's viscosity, and obtain its value from measurements conducted while the waveguide is submerged in air (attenuation is assumed to be negligibly small). Thus we find 2ø
The attenuation can be computed from our knowledge of amplitudes A and B. However, to perform such a calcula-TABLE I. Approximate smallest values of R for various wave number k and density ratio p, below which the deviation of the asymptotic solution

+4. (30)
Once Cs is known, we can calculate the nondimensional attenuation h from the equation
The standard deviation for the measured attenuation is estimated to be smaller than 1%. The agreement between the predicted wave speed and the measured one in Fig. 6 is not always as good. For the solid waveguide, we obtain good agreement between the experiment and theory for (p//•)•/2<20. But, for (pfl. t) •/2 > 20, there is about a 10% discrepancy between experiment and theory. For the hollow waveguide, the discrepancy between theory and experiment is even larger (about a factor of 1.5). In the next section, we shall discuss a few possible reasons for these discrepancies.
We carried out our experiments with
Vl. CONCLUSIONS AND DISCUSSION
In this paper, we considered theoretically and experimentally the effect of an adjacent fluid's viscosity on the characteristics of a torsional stress wave transmitted in a waveguide with a circular cross section. The results may be useful for the design ofa viscosimeter. The advantage of the sensor described here is that it can be positioned permanently in line to provide real time viscosity measurement.
The theory developed here allows one to correlate a stress wave's wave speed and attenuation with the adjacent fluid's characteristics. The theory is more rigorous than any heretofore available since it accounts for the fluid effect on the deformation field in the solid. The theory is not convenient to use since it requires the solution of transcendental equations and does not lead to an explicit relationship between the quantities of interest. This shortcoming is partially alleviated by developing asymptotic express!ohs for the wave's speed and attenuation. The approximate expressions are in good agreement with the exact ones for a wide range of parameter values.
The theoretical results were compared with experimental observation. For the wave attenuation, we obtained a favorable agreement between theory and experiment (Fig. 5) .
For the wave speed (Fig. 6) Finally, an issue of considerable interest is how to improve the sensor's sensitivity. In this paper, we report results pertaining to solid and hollow waveguides. Clearly, hollow waveguides outperform their solid counterparts (Figs. 5 and   6 ). The thinner the wall thickness, the better. For example, if we measure wave speed/attenuation, the hollow waveguide used by us is 70%/20% more sensitive than the solid one. Additional gains in sensitivity can be obtained by increasing the surface area of the waveguide in contact with the fluid so as to increase the fiuid's apparent inertia. This can be accomplished by corrugating or threading the waveguide's surface. For example, the threaded hollow waveguide we used improved sensitivity for speed/attenuation measurements by an additional 60%/50% (Figs. 5 and 6) compared with the smooth hollow waveguide. Further increases in sensitivity are possible by using external confinement. For example, the viscous fluid could be enclosed between the waveguide and an external coaxial tube. Indeed, such a confinement may be desired to provide a mechanical protection for the waveguide. We report some theoretical results on the effect of external confinement in the Appendix. Here, we note only that for such an arrangement to be effective, the gap between the external tube and the waveguide should be pretty small, typically less than 10% of the waveguide's radius. Such a small gap may be feasible only in applications involving rela- We shall report here both exact and asymptotic results. For brevity's sake, we consider only the case of the smooth solid waveguide confined inside a concentric external tube of inner radius r2. To the first approximation, we assume that the external tube is rigid. We solve Eqs. the gap thickness is larger than 10% ofthe waveguide's radius, the results are essentially identical to those ofthe unconfined case. Under this circumstance, the thickness of the fluid's boundary layer is smaller than the gap thickness and the external confinement has little or no effect. As the gap thickness decreases, the speed and the attenuation decrease slightly to obtain a minimum around r2-I = 0.05. A further decrease in the gap width causes an increase in the wave speed and attenuation. Thus the effects of external confinement are felt only at small gap thicknesses. The aforementioned values for gap thickness depend on the fluid's characteristics and are likely to increase as the fluid viscosity increases.
Next, we examine the effect of gap thickness on the sensor's sensitivity. To this end, we depict in Figs. A3 and A4 the wave speed and attenuation as functions of R for various gap thicknesses when ca = 1.0 and p = 0.3. Note that the approximation in Eqs. (A 3 ) 
